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We discuss the consistency of the Go¨del metric within the Chern-Simons modified gravity,
both for external and dynamical Chern-Simons coefficients.
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The four-dimensional Chern-Simons (CS) modified gravity has been recently in-
tensively studied within different contexts. The main reason for this consists in the
fact that this theory, being a straightforward generalization of the three-dimensional
CS modified gravity1, and formulated initially in2 can be naturally treated as a sim-
ple example of the CPT breaking gravity theory. Further, a lot of interesting results
has been obtained for the CS modified gravity, such as birefringence of the gravita-
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tional waves within this model2, modification of orbits around the Earth due to the
gravitational CS term3, post-Newtonian expansion4, cosmological impacts5,6. In7
the dynamical generation of the gravitational CS term via perturbative corrections
was carried out.
One of the principal lines of study of the CS modified gravity is a study of con-
sistency of the known spacetime solutions within this theory. Already in2 this com-
patibility has been shown for the Schwarzschild metric. Further, in8 it was proved
that the solutions of the usual Einstein equations possessing certain symmetries,
in particular, spherically symmetric and axisymmetric ones, solve the equations of
motion of the CS modified gravity as well.
Another important solution is the Go¨del metric9, which is the first known met-
ric allowing for the breaking of causality through possibility of the closed timelike
curves (CTCs). A lot of issues related to this metric has been considered earlier10,11,
including, in particular, constructing of its generalizations and study of the possibil-
ities of arising the CTCs within these generalizations. Therefore, the natural ques-
tion is – whether the Go¨del metric9 is consistent within the CS modified gravity?
In other words, whether the CS modified gravity allows for existence of the CTCs?
In this paper we are interested in verifying whether the Go¨del solution holds in the
CS modified gravity, both for external and dynamical CS terms.
We start our study with the introduction of the Go¨del metric which is written
as9
ds2 = a2
[
dt2 − dx2 + 1
2
e2xdy2 − dz2 + 2exdt dy
]
, (1)
where a is a positive number. The non-zero Christoffel symbols corresponding to
this metric look like
Γ001 = 1, Γ
0
12 =
1
2
ex, Γ102 =
1
2
ex, Γ122 =
1
2
e2x, Γ201 = −e−x. (2)
The non-zero components of the Riemann tensor are
R0101 = −1
2
a2, R0112 =
1
2
a2ex, R0202 = −1
4
a2e2x, R1212 = −3
4
a2e2x. (3)
The corresponding non-zero components of the Ricci tensor look like
R00 = 1, R02 = R20 = e
x, R22 = e
2x. (4)
Finally, the Ricci scalar is
R =
1
a2
. (5)
It is known9 that the Go¨del metric solves the Einstein equations
Rµν − 1
2
gµνR = 8πGρuµuν + Λgµν , (6)
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where u is a unit time-like vector of the form uµ = ( 1
a
, 0, 0, 0), and its covariant
components are uµ = (a, 0, ae
x, 0), if
Λ = − 1
2a2
, 8πGρ =
1
a2
. (7)
Now, let us modify the gravity action by adding the gravitational CS term2.
The resulting CS modified gravity action looks like
S =
1
16πG
∫
d4x
[√−g(R− Λ) + l
4
Θ ∗RR
]
+Smat, (8)
where R is the scalar curvature, Smat is the matter action and
∗RR is the Pontryagin
term:
∗RR ≡ ∗Rα β γδRβ αγδ = 1
2
ǫγδµνRα βµνR
β
αγδ, (9)
where Rβ αγδ is the Riemann tensor. The function Θ is a scalar field called the
CS coefficient. It can be treated as an external one or dynamical one. Within this
paper, we consider both these possibilities.
After integration by parts, introducing vµ = ∂µΘ, we get
l
4
∫
d4xΘ∗RR = −l
∫
d4xvµǫ
µαβγ(
1
2
Γσατ∂βΓ
τ
γσ +
1
3
ΓσατΓ
τ
βηΓ
η
γσ), (10)
that is, the usual gravitational CS term. Varying the action (8) with respect to the
metric, we obtain the modified Einstein equations
Rµν − 1
2
gµνR+ lCµν = T µν, (11)
where Cµν is the Cotton tensor arising due to the varying of the additive CS term,
its explicit form is12
Cµν = − 1
2
√−g
[
vσǫ
σµαβDαR
ν
β +
1
2
vστ ǫ
σναβRτµ αβ
]
+(µ←→ ν), (12)
with vστ ≡ Dσvτ . The covariant divergence of this tensor is
DµC
µν =
1
8
√−g v
ν∗RR. (13)
First, let us suggest that Θ is the external field. Thus, it does not contribute to
the energy-momentum tensor of the matter, which hence has the same form as in
the usual case9: T µν = 8πGρuµuν + Λgµν , that is, just the r.h.s. of the Eq. (6)
Using the Bianchi identity, DµG
µν = 0, and suggesting that the matter terms are
diffeomorphism invariant, i.e.DµT
µν = 0, one finds that the solution of the equation
(11) requires a consistency condition ∗RR = 0, i.e. the diffeomorphism symmetry
breaking is suppressed on-shell (for more details see2).
As the Go¨del metric solves the usual Einstein equations, it can solve the modified
ones if and only if the Cotton tensor vanishes for such a metric. A straightforward
analysis shows that this situation takes place only if
Θ = F (x, y). (14)
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Therefore, for this specific choice of the CS coefficient, we find that the Go¨del metric
is compatible with the CS modified gravity. Therefore, the possibility for existence
of the CTCs persists in the CS modified gravity.
Now, let us suggest that the Θ is dynamical. In this case, the action of the CS
modified gravity is
S =
1
16πG
∫
d4x
[√−g(R− Λ) + l
4
Θ ∗RR− 1
2
∂µΘ∂µΘ
]
+Smat. (15)
The corresponding equations of motion look like
Gµν + lCµν = Tµν , g
µν∇µ∇νΘ = − l
64π
∗RR. (16)
The energy-momentum tensor Tµν is now a sum of two terms:
Tµν = T
m
µν + T
Θ
µν , (17)
where Tmµν is the energy-momentum tensor of an usual matter with a cosmological
term given by the r.h.s. of the Eq. (6). Further, the energy-momentum tensor for
the Θ field has the usual form corresponding to the scalar field in a curved space:
TΘµν = (∂µΘ)(∂νΘ)−
1
2
gµν(∂
λΘ)(∂λΘ). (18)
Now, let us suggest that Θ has the form (14), that is, the Cotton tensor vanishes.
In this case, knowing the Ricci tensor and the scalar curvature for the Go¨del metric9,
one can write down the nontrivial components of the Einstein equations, 00, 11, 22
and 33 respectively:
1
2
= 8πGρa2 + Λa2 +
[
1
2
(∂1Θ)
2 + e−2x(∂2Θ)
2
]
,
1
2
= −Λa2 +
[
1
2
(∂1Θ)
2 − e−2x(∂2Θ)2
]
,
3
2
= 16πGρa2 + Λa2 +
[
1
2
(∂1Θ)
2 + e−2x(∂2Θ)
2
]
,
1
2
= −Λa2 −
[
1
2
(∂1Θ)
2 + e−2x(∂2Θ)
2
]
. (19)
The equations for the components 00 and 02 turn out to coincide identically. More-
over, the component 12 of modified Einstein equations is
(∂1Θ)(∂2Θ) = 0. (20)
One can verify that the Go¨del metric is compatible only with the trivial potential,
at least if we want to preserve the condition of vanishing the Cotton tensor.
A straightforward inspection of these components allows to conclude that solu-
tions of the Einstein equations can be formally written as
8πGρ =
1
a2
; Λ = − 1
2a2
− Σ
a2
, (21)
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where
Σ =
1
2
(∂1Θ)
2
+ e−2x (∂2Θ)
2
. (22)
Therefore, the consistency of the equations of motion requires the cosmological
constant not to be constant but, instead, to be a function of spatial coordinates.
In principle, spatial variability of the cosmological constant has been discussed13.
However, this scenario seems to be rather exotic, in particular, because it violates
homogeneity of space.
Let us discuss our results. We showed that the situation with the compatibility
of the Go¨del metric with the CS modified gravity is essentially different in the case
of the external CS coefficient and dynamical CS coefficient. Indeed, while in the
first case the compatibility is achieved for the special value of Θ, in the second
case the cancellation of the Cotton tensor is not sufficient – one must have the
variable cosmological constant which violates the principle of homogeneity of space
and conservation of the energy-momentum tensor.
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